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Abstract

Two formal models of pictures, i.e., 2D languages are compared: Tiling Systems and Tile

Rewriting Grammars, which resp. extend to 2D the Regular and Context-Free languages.
Two results extending classical language properties into 2D are proved. First, non-recursive
TRG coincide with TS. Second, non-self-embedding TRG are suitably defined as corner
grammars, showing that they generate TS languages. The proofs exploit newly introduced
language substitutions, also nested and iterated.
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1 Introduction

Since digital pictures can be thought as two dimensional texts, methods based on
formal language theory have bee considered since long time [9] for defining and
processing images too. In order to define a set of rectangular pictures, i.e., a 2D
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language, one can then use the classical methods of automata, grammars, and ho-
momorphic characterizations (see e.g. [6], [11], [7]). The corresponding formal
models give raise to 2D language families, which in some cases nicely extend the
basic properties of corresponding string language families. The two language fam-
ilies we are concerned with are 2D generalizations of the regular and context-free
1D cases.

The Tiling SystemsI'S [4] have attracted much interest because of their elegant
characterization as the projection of locally testable languages, and of the preserva-
tion of several properties of regular languages. Our work introduces and systemati-
cally applies the notion of language substitution in 2D. By partitioning a picture into
homogeneous subpictures, substitutions can operate in 2D without tearing the pic-
ture. A so-called block picture models the structure of an image made by juxtaposed
uniform fields (called blocks), relying on a closure operation due to Simplot [10].
Block substitution is an operation conceptually similar to the collage operation of
[2]. It is shown that TS languages are closed by block substitution. Greibach’s [5]
notion of nested iterated substitution is also extended and adapted to a special case
for TS languages.

Concerning 2D context-free generalizations, we study the recent Tile Rewriting
GrammarTRG[8] model, which conceptually stemmed from TS. Such grammars
feature so called isometric [11] rewriting rules, which replace a subarray with an-
other one of the same size. The nested application of block substitution offers an
alternative crisper exposition of the original picture derivation mechanism of TRG
grammars.

The relationships between TRG and TS languages families, beyond strict inclu-
sion, were essentially unknown and are the subject of this presentation. Two main
properties are proved, which reinforce the qualification of TS and TRG as good
generalizations of regular and context-free string languages.

First, we show that non-recursive TRG grammars are equivalent to TS. In 1D the
statement becomes: non recursive context-free grammars with regular expressions
in the right parts of the rulésare equivalent to regular languages. The property de-
scends immediately from the closure of regular languages with respect to language
substitution.

Second, itis known [3] that a context-free grammar without self-embedding deriva-
tions defines a regular language. It was not obvious how to reformulate the non-
self-embedding condition in 2D, in such a way that the TRG would generate a
TS language. We propose a new 2D analogous of non-self-embedding grammars,
namely corner grammars, showing that corner grammars, even if recursive, gener-
ate TS languages.

L Also named extended BNF or regular right part grammars.



Sect. 2 presents the basic definitions, together with TS. Sect. 3 presents different
concepts of 2D substitutions and proves some closure properties of TS languages.
Sect. 4 introduces TRGs and finally compares them with TS.

2 Basic Definitions

We briefly recall a few standard definitions. The reader may consult [4] for more de-
tailed and formal definitions. pictureon a finite alphabeX is a two-dimensional
rectangular array of elementsih Thesize|p| of a picturep is the pair(|p|ow, |P|cot)

of its number of rows and columns. gixel p(i, j), 1 < i < [plrow, 1 < 7 < |P|cots

is the element at positiofi, 7) in the arrayp. The indices grow from top to bottom

for the rows and from left to right for the columns.

Let X" be the set of all nonempty pictures overand>** beX "+ U{\}, where
)\ is the empty picture. Fat, k > 1, X"F (resp.2*, ¥**%) is the set of all pictures
of size(h, k) (resp. withh rows, withk columns). A picture language ovEris a
subset of2**. If all pixels of a picturep over: belong to an alphabét’ C X3, pis
calledX’-homogeneou4A picture {a}-homogeneous for somee ¥ is called an
a-picture, or also omogeneoupicture. Ifa € X, a™* stands for the-picture in
¥k while o T stands for the set af-pictures inx .

Notation: The letterg, g usually stand for pictures. The pairs of lettérsj), (i1, 1) - - -
are typically used to denote the coordinates gositior) of a pixel in a picture
(€.9.,1 < i < |plrow; 1 < j < |p|eat). The upper case Greek letteisl', A, = are
finite alphabets. The lower case letters, ¢, d and (when useful) upper case letters
A, B,C, D, X denote symbols of an alphabet. A singlefgr} is denoted, when no
confusion can arise, byitself.

We shortly present, out of the many picture-combining and transforming operators,
those needed in the remainder. The projection by mapping — A of a picture

p € ¥hT is a picturep’ € AT such thatp| = |p'| andp'(i,5) = =(p(s, j)) for
every position(i, j) of p. Projections can be extended to languages as usual. The
(clockwise)rotation of a picturep, rot(p), is described as follows:

p(1,1) ... p(L,|pleot) p(Iplrows 1) .. p(1,1)
p= ; : rot(p) = : . :

p(‘p’rowv 1) s p(|p|7“ow7 |p‘col) p(‘p|row7 ’p|col) s p(l, ‘p’col)

The column concatenatior is defined, for all picturep, ¢ such that|p|,.., =
19| row, Writtenp @ g or also writterp ¢, as:



p(L,1) oo p(L[plea)  q(1,1) oo q(1]qlear)
p(’pyr‘owa 1) s p(‘p‘rowa ‘p’col> Q(’q‘roun 1) cee Q(‘q‘rowa ‘ﬂcol)

. . . p . .
The row concatenatios for picturesp, ¢, writtenp&q or ¢, is defined analogously.
The empty picture\ is the neutral element for both concatenation operations.

Rotations and the two kinds of concatenations can be extended to picture languages
as usual.

Given a picture languagg, the column concatenation closurelafwritten L*® is
the closure of the set under the column concatenation operation, g, L'?,

whereL® = )\, Li® = L (L(H)(D) for i > 0. The row concatenation closure of
L, written L*®, is the closure of the sét under the row concatenation operation.

In this paper we definéd** as in Simplot [10]. To describe this operator we first
need to introduce the concepts of subpicture and of partition, which will be also
important in the next sections.

Definition 1. Letp, ¢ be pictures. For every j, with 1 < i < |p|row, 1 < 5 < [Plcots
q is asubpictureof p at position(i, j), writteng < ;y p, It 1 < |¢lrow < [Plrow —
i+ 1,1 <qleot < |pleat —J + 1, andg(z,y) =p(i +z—1,j+y—1)foralll <
T < |qlrow, 1 <y < |qlea- If there arei, j such that(g <; ;) p) then we also write
g < p and definecoor i ;) (q,p) = {(z,y) 14 < & <i+|qlrow,J <y < J+ [dlea}-
Conventionallycoor; ;(q,p) = 0, if ¢ is not a subpicture g at position(s, j). If
q coincides withp we write coor (p) instead otcoor 1) (p, p).

Definition 2. LetIl(p) = {(p1,i1,71),-- - (Pns in, Jn) }, Withn > 1, where for each
m,1 < m < n, py, is apicture such that,, <, ;) p. The setll(p) is apartition

of p in subpicturew, . . ., p, if the Set{coor(imdm)(pm,p) . (P s Jm) € H(p)}
is a partition ofcoor(p). PartitionII(p) is calledhomogeneout eachp,, is homo-
geneous. Givell. C X+, a setll = {(p,I1(p)) : p € L}, where eachl(p) is a
(homogeneous) partition pfe L, is called a (homogeneougartition setof L.

We omit the detailed definition of Simplot’s operator. Informaflyg L+ iff there
exists a partition op where each subpicture is In Let L** be the se. ™+ U {\}.
For example:

aab * %
b d
beb€dqaa, ;bc, ,e
b d
bbc



If all the pictures ofL have the same size, théh*®)*© = (L*©)*P = [**.2

Another useful operator introduced by Simplot is the pixel-wise Cartesian product
®. For two picture®, ¢ of the same sizey ® ¢ is the picture such thap ® ¢| =
Ip| = |q| and

V1 <4 < plrow, V1 < < |pleor : (P @ q) (3, 5) = (p(4,7), (i, J))-

Clearly, ifp € X771 g € AT T thenp® ¢ € (X x A)™T. This operator is naturally
extended to picture languages: Iet- X+ L' C A™*, then

LeL ={q:Fpel,Jp el q=pxp}
We list here the essential definitions of local languages and tiling systems. The

bordered versiomf picturep is the picturep of size(|p|.ow + 2, |p|cor + 2) Obtained
by borderingp with a speciaboundary symbo}t ¢ :

# # # #
# p(lal) p(17|p‘col) #

3
I

# p(Iplrow, 1) -+ p(|Plrow, [Pleot) #
# # # #

Forp € ¥ theset of subpicturesf size(h, k) of p is:
Bri(p) ={q € """ : ¢ dp}.

For a picture languagp, By, (L) = {Bux(p) : p € L}.1f 0 C (SU#)?? then the
elements of) are calledilesand LOC(6) is the set of pictureg € X" such that
By 5(p) C 6. Sets of tiles are denoted in the following with the symiblg, . . ..
A languagel C Y+ islocalif L = LOC(0) for somed C (L U #)22),

The family of local languages over any alphabet will be called LOC for short.
Definition 3. [4] A tiling system(TS) is the 4-plel’ = (X, T, 0, ), where:

Y) andI” are two finite alphabets,

m: ' — X is a mapping,

¢ is a finite set oR x 2 tiles over the alphabdt U {#}.

The languag€.(T) = 7(LOC(6)) is thelanguage defined by the TS

2 The definition of [10] differs from the one of [4], wher&"* instead denotes the con-
catenation closure of languagde



The languages over finite alphabets defined by tiling systems constitute the family
TS-RECof TS-recognizable languagéshortly, TS languages) on. TS-REC is
closed under: intersection, union, projection, horizontal and vertical concatenation
[4], Simplot's operator™*, and Cartesian produgt [10].

3 Substitutions

A well-known and widely useful concept in 1D languages is substitution, which
assign languages to letters of an alphabet. The mapping is naturally extended to
strings and languages too. For example, if a substitutiompsa into 01*, andb

into 001", theno (ab) is the languagé1*001*. For picture languages, it is straight-
forward to similarly define a substitution as a mapping from pixels to 2D languages:

Definition 4. Given two finite alphabets and A, asubstitutionfrom A to X is a
mappings : A — 2”77 Moreover,s is aTS substitutiolif o(a) is a TS language
for everya € A.

But a difficulty hinders the extension of the mapping to pictures, because of the so-
called shearing problem of picture languages: a pixel in a picture cannot be replaced
by a larger picture without disrupting the array structure. The next definitions over-
come the problem by replacing arhomogeneous subpictupg, at position(, j),

of p with a pictureq € o(a) of identical size, i.e., withq| = |p,|. This definition,
however, is not equivalent to the traditional notion of substitution when applied to
strings.

Definition 5. If p, ¢, ¢’ are pictures and, j) is a position inp, with ¢ <; ;) p, and
lq| = |¢'|, thenplq'/q]:,;) denotes the picture obtained by replacing the occurrence
of ¢ at position(s, j) in p with ¢/, i.e.,pl¢' /¢l (i + v — 1, j+y — 1) = ¢'(z,y)
forall 1 <z < |qlrow, 1 <y <q|car-

Definition 6. Leto : A — 2" be a substitution. Given a pictupee A**,
let I1(p) = {(p1,%1,51),-- -, (Pnsin, jn)}, With n > 1, be a homogeneous par-
tition of p, where eactp,,, 1 < m < n, is ad,,-picture for somed,, € A.
Then thesubstitution ofp € A** induced byll(p) is the languager ) (p) =
{lri/pi) e - a/Pal@ngn) @ Tm € 0(dp),1 < m < n} If L C AT and
IT is a homogeneous partition set bf then thesubstitution ofZ induced by the
homogeneous partition sitis the languager (L) = {on) (p) : p € L}.

In general, there are many homogeneous partitions of a picture, and accordingly
many different ways to apply a substitution. In this paper, we consider three differ-
ent cases, called block substitution, universal substitution and corner substitution.



3.1 Block languages and block substitutions

The next technical steps allow us to mark with distinct symbols 1,2,3,4 the four cor-
ners of a subpicture (leaving the inner pixels unmarked or more precisely marked
by a dot) in order to use it as a partition block.

LetMbethesef-, ', 4,2, 3,43, 2, 1,2, 12} The block version of a finite
alphabetA is the setA x M. When drawing pictures, givenc A, we will write
x, ‘x, 4x, 2% 73, 473, 2%, jx, 22, 22 instead of

([E,'),(Z& 1)7($7 4),(%7 2)>($7 3),(26, 43)’(957 12)>($’ zll)a(xa g),(fﬁ, 11112’,)

Definition 7. Consider al-homogeneous picturg for somed € A. Theblocking
of p, written O (p), is a pictureg € (A x M)™* defined as:
¢ =(d, 33),if [p| = (1,1);
q - (d 12) (d )(|P|mw—2)9 S (dv 43)’ If ‘p‘col = L |p’row > 1:
= (d, ) < ><‘p'~ﬂ>CD O (d, 3), 1 [plrow = L, [Pleat > 1;
q= ( )(Ipleet=2)0 (g, 2)) o
((d7 )|p"r0w 2, ‘plzol) @

((d,4) O (d, -)Plea=2 (g, 3))
otherwise.

For example, iy is the picturep b b thend (p) is b b b2 .

bbb bbb ?
If pis then (p) is :
bbbb 1b b b by

The blockingt (L) of a languagd. of homogeneous pictures {§1(p) : p € L}.
For everyd € A, ablockd-pictureis a picturep € 00 (d™1); p is also calledlock
homogeneoud heuniversal block languagever an alphabeztx, denoted ag\™*+ "
is the set(U,ea O (a™)) .

A block picture is an element df“+*, and a block language is a subset\6f++.

Clearly, O (d™*) is a local language, therefore from closure of TS-REC under
union and Simplot's-* operator, the universal block language is in TS-REC.

Given two finite alphabety’ ¥/, let |sy : ¥/ x ¥ — ¥/, |gr : ¥ x &/ — ¥

be such that for alk € ', b € ¥, |s(a,b) = a, |g(a,b) = b. These component
projections may be extended as usual from pixels to pictures and to languages.
By closure under projection, it follows that if a block langualgés in TS-REC,
also|a(L) is so.

Definition 8. Letp € (A x M)™™ be a block picture on the alphahat and let
(p) = {(p1,%1,51), -, (Pnsin, jn)}, n > 1, be a partition ofp. If for every m,



1 < m < n, p, is a block homogeneous picture thBr,(p) = {(|a(q),,7) :
(q,1,j) € I(p)} is called thenatural partitionof | (p).

Notice that for every block picturg on the alphabei there is one, and only one,
natural partitionlIy(p) of |a(p), since the partition of in block homogeneous
subpictures is unique.

Example 1. Let A = {black, white},¥ = {niger, albus}, and consider the local lan-
guageL;, c X of checkered grids, exemplified by the pictures:

bwwbb
wwbb
P ir=bwwbb p2=
wwbb
wb bww

The next pictures are examples of natural partitions;aindp-:

1b2 lw ’LUZ 1b b2 }ng lw w2 1b b2

lw ,w2 lb b2

Q1 = 4by qw w3 4b by T1 = ib% 4w wsg 4b b q2 =

1,,2 1 2 1 2 1,,2 132 132 1,,,2 1,,,2 4ww34bb3

Jw3 4b by jw ws 4wz 4b3 403 jws jws
Definition 9. Givenp andIly(p) as in Def. 8 and a substitutian: A — 27",
the block substitution op, denotedoz(p), is om, ) (|a(p)). Conventionally, ifp
is not a block picture then definez(p) = p. If L is a block language, thielock
substitution ofZ, writtenog(L) ,is{q : 3p € L,q € og(p)}. Conventionally, ifL
is not a block language ther; (L) = L

Notice that ifo(a) is a block language for every € A , i.e.,o(a) € TP+ for
some alphabel, then if L is a block language, alsoz(L) is a block language.
If o(a) is a TS-REC language for evetyc A thenop(L) is called a TS block
substitution.

Example 2. Consider the pictures of Ex. 1 and the substitutigh) = {n™"™ : m > 1},
o(w) = {a™™ : m > 1} Applying the block substitution we obtain:

naann
aann
UB(Ch):@, UB(Tl): naann = Si, UB(Q2): = 52
aann
annaa

Lemma 1. The family of TS languages is closed under TS block substitution.

PROOF. For the proof it remains to consider only TS languages that are block
languages, since otherwise a block substitution is as an identity transformation.
Assume thaf. is a block language on the alphaletTherefore . C (A x M)™T.

Leto : A — 27" be a TS substitution, wheb is an alphabet. Lét ., and|s,
denote the component projections fraxnx M x ¥ to, resp.A x M andX , and
foreveryd € A, q € St let py(q) = O (d'q‘) ®q.



) aaa
For example, it2 = {a, b}, ¢ = , d € Athen:

d.a) (d,a) (d?, a q d &2
palq) = U a) (d ) (& )a |axm (pa(q)) = :
(3d,0) (d,a) (ds,a) sd d dy

For a picture languagg’ on X let py(L') = {pa(p) : p € L'}
We claim that

op(L) = Is ((L® DAY (U ﬂd(a(d))> )

deA

The thesis follows then immediately by closure of TS languages under projection
by mapping, Simplot's ™ and® operators, union, and intersection. In the remain-
der of the proof, for simplicity we use(p), o(L), ... to stand fowz(p), op(L), .. ..

We first prove thater(L) C | (L @ £%) N (Ugea pa(o(d))) ™). Letp € o(L).
Hence, there existsc L suchthap € o(q). Thereisn > 0 such thaf(¢;, m;, n;) :

1 < i < n} is the natural partition of. Therefore, each; = O dfk) for
somed; € A, h; > 0,k; > 0. By definition of block substitutiony is obtained
from ¢ by replacing eacly; in ¢ with a p; € o(g;) such thatp;|] = |¢]|. But

pi € |s(g: ® 1), since the latter is the set of picturesdi-* with the same

size ofg; and hence of);. Also, there is- on the alphabef\ x M x ¥ such that

r € (¢ X"T)andp = |s(r). By ¢ being decomposed as described above, and
+,+

sinceq = [am(), 7 € (Urzizn pa(0(di))) " € (Usea palo(d)))™. More-
over,r € (@ XHT) C (LeXt*). Hencey € (L@XHH) N (Ugea pa(a(d) ™.
The thesis then follows singe= |x(r).

We now prove thatfy, ((L ® X N (Ugen pd(a(d)))+’+) Co(L).

Letp € | ((L @ X)) N (Ugea pd(a(d)))+’+). Therefore, there exigte L,r €

(L®Xt+)such thaty = |5(r),¢ = |axm(r),” € (Ugea pala(d)))™ ™. Since
q = |axm(r), there existr > 1 homogeneous subpicturesofienoted by, .., 7,
and subpictures aof, denoted byy, .., ¢,,, such that: for every,1 < i < n,r; €
(¢ ® ¥**) and there exish;, k; > 1 andd; € A x M with ¢; = O (d;"*). By
definition of| A ¢, and since- is also iIN(Uyea pa(o(d))™", thenr; € pg (o(d;)).
Therefore,|x(r;) € o(d;). Hence,p = |x(r) may be obtained by replacing each
subpicture of the fornm (d,-*’*) in ¢ with |x(r;) € o(d;). Thereforep € o(q) C
o(L). O



By suitably blocking the homogeneous subpictures defined by a homogeneous par-
tition, it follows:

Corollary 1. TS-REC is closed under a TS substitution induced by a homogeneous
partition set.

3.2 Universal substitutions

Next, instead of imposing a given partition on a picture, we extend the substitution
operation in order to consider all possible partitions in homogeneous subpictures.

Definition 10. Given a substitutionr : A — 2="" theuniversal substitution of
peAtTis UU(p) = UH(p) a homogeneous partition pf I T1(p) (p)

For a languagd., oy (L) = {q : ¢ € oy(p) forsomep € L} is the universal
substitution ofL.

Example 3. Consider the previous examples 1 and 2. For every pigiutet II(p) be
the homogeneous partition pfinto homogeneous blocks of unitary side. Then(L;) =
h(L1), whereh(b) = n, h(w) = a is a mapping. Any other homogeneous partitidfip)
is such that eithesy(,,) (p) = h(p) Or orip (p) is undefined. Henceyy (L1) = h(Ly).

Theorem 1. TS-REC is closed under universal substitution.

PROOF. Let L be a TS-recognizable language over the alphab&rom [10], we
know that alsa L ® M™1) is in TS-REC. Moreover, the block languagé™*

is TS-recognizable. Hence, aldd = (L @ M™ ") N 0T is TS-recognizable,
by closure of TS-REC under intersection. let ¥ — 227" be a substitution.
Thanks to Lemma 1g5(L') is in TS-REC. By definition of block substitution, for
each block picture’ € L', whose partition in block homogeneous subpictures is
{(Pmsimrdm) = 1 <m0 <}, op(0) = ougn(12(0) € ov(|=()), with (') =
{(s(®,,im, Jm) = 1 < m < n}. Hence,op(L') C oy(L). Conversely, for each
p € L and for each partitiohl(p) = {(pm, im, Jm) : 1 < m < n} in homogeneous
subpictures, .., p,,, there is, by construction af’, a picturep’ whose partition
in block homogeneous subpictures{i®.,,, im, jm) : |2(P),) = Pm,1 < m < n}.
Henceor,) (p) = op(p’) andoy (L) = op(L’). O

3.3 Nested iterated substitutions

Nested iterated substitutions for string languages were introduced by Greibach in
[5]. They are more powerful than substitutions: for instance, nested iterated sub-
stitutions of regular sets define context-free languages. We now want to define a
version of nested iterated substitutions for picture languages, which preserves the
TS-recognizability of a language. This is very useful in connection with TRG, as

10



shown in Section 4. In particular, we only allow iterated substitutions into a subpic-
ture that includes one (or more) of the four corners of the picture. This is essential
to extend the traditional result that non-self-embedding context-free grammars only
define regular languages [3].

For a substitutions : A — 227" and a picture languagé C A**, define
o%(L) = L,o'(L) = o (¢*"}(L)) for everyi > 0.

Definition 11. A substitutions : A — 227" is nestedf o™t C ¢(a) for every
a € A. Given a homogeneous partition $édefined for every picturp € A™™,
om(L) = Usso o (L) is called anested iterated substitutiaf a language..

If a substitution is nested, then for every langudgand for every; > 0 it is
ot (L) C o' (L). In particular it isL C oy(L).

Next we focus on the subpictures placed in a corner, and on the case when they may
only contain characters from a subalphabetokner of a picturep is an element
of the set{1, |p|row} X {1, |P|cot}-

Given two disjoint alphabets, A, we introduce the following notatiof=, A); =
Uxez(X** & A*) © A**, and forl < i <4, (Z,A); = rot" ' ((Z,A);).

A subset of(=, A); is called a(=, A); -corner language

Notice that a picture ii=, A); is made of aX-homogeneous top-left rectangle, for
someX € =, while the remaining pixels are if; both parts may be empty.
Definition 12. If p € (E, A);, then thecorner partitioningIl-(p) of p is the parti-
tion induced by considering as subpictures all individual pixels iof A, and the
remainingX-homogeneous subpicture, wheYec =.

Anillustration of corner partitioning wittk’ € =, a,b € A, in which every partition
is marked with a box, is the following:

X Xlala
X Xlala
b b|bla

Definition 13. A (=, A);-cornersubstitution, wheré < i < 4, is a substitutiom :
AUE — 28997 sych that for every € A, o(a) = o, and for everyX e =,
o(X)isa(=, A);-corner language. For every corner pictpre (=, A);, the corner
substitution ofp is o¢(p) = on () (), Wherellq(p) is the corner partitioning qf.
For a languagé. C (£,A);, 0c(L) ={q:Ip € L,q € oc(p)}.

A (£, A),;-corner substitution is defined only ¢8, A),;-corner languages. Its result
is again &=, A);-corner language. A corner substitutieras in the above defini-
tion is a TS corner substitution if for evety € =, o(X) is a TS language. By
Corollary 1, TS-REC is closed also under TS corner substitution.

A corner picture can be described as a row concatenation followed by a column

11



concatenation, e.g., a corner pictgre oc(X**) is of the form(q & p,) © p., with

g € X** andp,,p. € A®*. A nested iterated corner substitution is then akin to
the closure under this double concatenation. This is strictly related to a very similar
concatenation operation, studied by Matz [7], in so cafled REGHOF expres-

sions, where a concatenation with a row of height 1 is followed by a concatenation
with a column of width 1. The results in [7] do not directly imply closure of TS
languages under nested iterated TS corner substitutions, which is instead proved
next.

Our proof of closure is conceptually similar to the following (traditional) proof
that TS languages are closed under row concatenation closure. Consider the TS
(3,T,0,7), and callL the language it defines. Then, one can define another tiling
system X, TUT”, U0, «') where:I” is a marked copy (often calledcaloring) of

I'; n’ extendsr, so thatr’(a’) = 7(a) for everya € T', with o’ the marked copy of

a; 0" C (I"U#)?? such thatr’ (LOC(9)) = «'(LOC(¢')) = 7' (LOC(0U')) = L.

Then let

61 = Bao (LOC(Q) U LOC(9) © LOC(0") U LOC(0) © LOC(¢") © LOC(G))

(we remind the reader tha, , ( L, ) is the set of al x 2 tiles that may occur in the
bordering of pictures in languadg). Due to the use of two alternating alphabets,

' (LOC(6y)) is L®T.

The case with corner substitutions is quite similar, since again one has to consider a
(special) concatenation closure. The details are more complex, since one needs four
different local alphabets, in order to be able to alternate two pairs of colors (one pair
for row concatenations and one pair for column concatenations). Before proving the
main theorem, we need the following lemma, whose proof is immediate, allowing
the introduction of these different colorings in the tiling system of a TS corner
language.

Lemma2.If C C (AUZE)**isa(=, A),-corner language, and'is a TS language,
then there exists a tiling systefd U =, I, 6, 7) such that:

1) m(LOC(0)) = C;

(2 T =T=zsula Uy U UTX, wherel's, I'a, Iy, I'A, I'A, are five pairwise
disjoint alphabets witi”,, I3, I, made of distinguished marked copies of
the symbols i, ;

() 7(lz) = E,7(la) = () = 7(I'}) = 7(T'X) = A;

(4) LOC() € (P&" & (TX" UTR")) @ (DX UTR™).

A few more definitions are also needed. The symbols in the marked alphabets of
Lemma 2 are denoted, for all € T'a, with @/, a”, a”” respectively. These marked
copies ofl' are used for “coloring” the tiles of. Leth : I' — I'= — I' — I'z be

the mapping defined by(a) = d’, h(d") = a,h(a”) = ", h(a"") = a” for every

a € I'a. The mapping: is used to “cycle” between the colors BA and those of
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’s» Which are used to color the rows below a corner, and also to cycle between the
colors of[”{ and those of’{, which are used to color the columns at the right of a
corner.

We also define a column concatenation operatimnand a row concatenation op-
eration®,, as follows, to allow the correct alternation of colors: for every picture
peTT qe A", if V), 1< j < ple, p(|plrow, ) € I’ thenp &y, ¢ = p © h(q),
elsep ©;, ¢ = p © q. For every picture € I g € T\",if Vi, 1 <4 < [plrow,
p(i,|pleat) & T thenp Oy g = p © q, €lsep Oy, ¢ = p O h(q). This means that if
has, on the lowest row, no symbol i thenc,, concatenates andh(q), elsec,,
concatenategwith ¢. Symmetrically, ifp has, on the rightmost column, no symbol
in I'” then®; concatenateg andgq (i.e., q is colored inl*{), else it concatenates

andh(q) (i.e.,q is colored in'Y).

Theorem 2. The family TS-REC is closed under nested iterated TS corner substi-
tution.

PROOF. Leto : AUZ — 2(AY3)"" pe a nested=, A);-corner substitution (for
somei, 1 < i < 4) such thats(X) is a TS(Z, A);-corner language for every
X ek

It remains to show that,(Uxcz XT) is a TS language. The thesis then follows
immediately, since given any corner TS langudges.(L’) is a TS language: let
T AUE — 28Y577 pe the corner substitution defined byX) = of (X )

for every X € =; by closure of TS languages under corner substitutiang,’) =
o&(L') is a TS language. Notice thatif is not a corner language, thep(L') =

L.

We consider only the case where, for evéfye =, o(X) isin (£, A),. By invari-
ance under rotation, the result also applies to ey&ryA);.

A tiling system foroc(Uxez XT) has the formil’ = (A U =, T, 6, 7), verify-
ing the conditions of Lemma 2. The proof defines a tiling system that recognizes
oe(Uxez XTF).

We define a family of languagds C L; C ... suchthatr(L;) = o0& (Uxez X T7).
DefineLy = Uxe=z X1, and for everyi > 0:

Li=L; U U (P ©n pr) Oh P
pEL;_1,(pr,pc)ERC
with RC' = {(p,.,pc) i €ETN p. €T Iy €T 1 (YO p,) Ope € LOC(H)}.

The setRC is composed of pairgp,,p.) of (possibly empty) pictures that can
be used to enlarge a pictuse(such thatr(v) € X** with X € Z) first by a
row concatenation with, (overI'ax) and then by a column concatenation with
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(overT'4), to obtain a picture inLOC(0). Then,n(L;) = o&(Uxez XTT) for
everyi > 0. We claim that there is tiling syste(d\ U =, T, ¢, 7) that recognizes
T(Uis1 Li) = 0*(Uxe= X ), proving the main thesis. It suffices to consider two
iterations for thel;’s to obtain all the tiles, i.e., le&t; = By s(Ls). Also, it suffices

to prove that for every picture € U;>, L; if, and only if, By »(p) C 6,, since

p € Ui Li if, and only if, 7(p) € 0*(Uxez X 7). We first show:

pE U Lz = BQQ(T?) Q 91

i>0

Letp € L; for somej > 0. The proof is by induction on. If ;7 < 2thenp € L,

andBsys(Ly) = 6. If j > 2, then there are € L;_», (v,,v.) € RC, (p,, p.) € RC

such thatp = (((q S Ur) On Uc) Shn pr) On Des with (q Ohn Ur) On ve € Lj—l- By

induction hypothesisBs »((¢ ©r, v.) On v.) C 6. Moreover, there existg € Ly

(of the same size aof) such that(qy ©,, v,.) O, v. € Ly (by definition of corner
substitution). Theri((go ©n v,) On ve) On Pr) On Pe € Lo. All tiles in By »(p) are
in Bao((q ©nvyr) Opve) € 01 0rinByy ((((QO Sn vr) Op Ve) Op pr) On pc) C 0.

Hence,B,1(p) C 6;.

We now show thatB, »(p) C 6, = p € Uis1 Li. Itis convenient to define another
family of languages:

Ho= Lo, H, = (F;* oz u FIA*’*)) O (Tx""UTR™)
and for everyi > 0:

H; = U (p ©n pr) Oh Pe-

PEH; _1,pr €l pc el

Clearly, fori > 1 H; C H;,; andL; C H;, whileJ, H; is a local language defined
by By »(H,). Sincef; C BQ,Q(E) if Bo2(p) C 60, thenp € H; for somej. Hence,

= (r ©np,) On pe, With r € H;_;. We claim that ifB 5(p) C By s(Ls) = 6, and

H;, forj > 1, thenp € L], and from here the thesis follows. The proof is by

induction onj > 0. The base step= 0 is obvious. Another base step= 1 is also
obvious, sincel; = LOC(0): if Byo(p) C 0 thenp € L. Forj = 2,if p € Hy
and B, 5(p) C Bao(Ly) thenp € Lo, because the usage of two palrs of alternating
alphabets does not allow for a mixing of tiles belonglng to different alphabets. If
j > 2, there exist,,v, € I'y", p.,v. € I'\"" andq € H; , (and hence in’;_,
by induction hypothesis) such that= ((q &5 v,) On ve) Sn pr) Op pe. We claim
that (p,, p.) € RC and therefore € L,. Consider a picture¢’ € H, defined by
replacingg in p with a pictureqg, (of the same size af) in Ly. The (possible) tiles
in p’ but not inp are all in6;: Bys(p') — Baa(p) € Baa((qo S vy) On ve), and
(qo ©n vy) Op ve € Ly, since(v,,v.) € RC. Therefore, alsd,»(p’) C 6. Hence,
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p' € Lo, sincep’ € H,. ]

4 Tile Rewriting Grammars and Corner Recursion

In this part we prove some interesting relationships between tile rewriting gram-
mars and TS, which extend in 2D two well known properties relating context-free
grammars and regular languages, or, which is the same, push-down and finite au-
tomata. Part of the difficulty stems from the lack of a characterization of TRG
languages by means of automata. To prove the results we had to take a different
course, exploiting the previous closure properties of TS with respect to substitu-
tions.

Next we introduce TRG grammars and languages.

Definition 14. A picturep € A" is calledy-convexy € A, if Vo € A,z # y,

vy yy'y
A’-convex if it isy-convex for eacly € A’. A A-convex picture is called a convex
picture for short. A language i&’-convex if every picture of the languages-
convex.

none of the tiles:{g ?;, ry yxroy g} isinp. If A’ C A, the picturep is

Definition 15. For everya € A, amaximala-subpictureof p is ana-subpicture
q< jyp such that for every-subpicturey <y jp, if coor; j)(q, p)Ncoor j»(¢',p) #
0 then coor( j» (¢, p) C coor (g, p). A subpictureg of p is called amaximal
homogeneousubpicture ofp if there existsa € A such thaty is a maximala-
subpicture.

We state the following simple property without proof.

Proposition 1. For everyA’-convex picturep € AT+, A’ C A, there exists one,
and only one, set of homogeneous maximal subpicturgsbh@ionging taA’++.

In Tile Rewriting Grammars, we also use tiles to define subpictures belonging to
a syntax class. For this purpose we need a different definition of local language,
calledrestricted loca) which does not rely on the presence of boundary symbols.
This is necessary because inner subpictures are not bordered by #. A laiigaage
restricted local if there exists a set of tilé®n the alphabel’ such thap € L iff

the following conditions hold:

o if [Dlrow > 1, [pleor > 1 thenBsys(p) = 0;
o if ’p|r‘ow =1, |p‘col > 1 thenBLQ(p) =0;
¢ If ’p|7'0’w > 17 ’p‘col = 1 thenBQJ(p) = 6

Unlike the definition of local languages, this definition does not consider bordered
pictures, but requires that all tiles occur in a picture.

Although restricted local languages are a subfamily of local languages, TS-REC
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languages may be equivalently defined [8] as the projection of the union of re-
stricted local languages.

Let FIN(A) be the family of finite languages i ™*. Let LCVXa/(A), A’ C A,
be the family ofA’-convex restricted local languages over the alphabet

The next definition of TRG is equivalent to the original one [8].

Definition 16. A Tile Rewriting Grammar (TRGs a tuple(X, N, S, R), where
Y is theterminal alphabet,V is the nonterminalalphabet,S € N is thestarting
symbo] R C N x (LCVXy(N UX)UFIN(Y)) is the set ofules

In the sequel (see Example 4) we will denote the elemenfs ofith upper case
letters, and the elements Bfwith lower case letters. Intuitively, a rule of the form
(A, Q), written A — €, is used to replace, in a derivation from a pictpre=

(N U X)t*, a maximalA-subpictureg € AT of p with a picturew € Q2 of the
same size of;. The result is a new picturg. This rewriting is well-defined i

is V-convex, allowing a unique partitioning in maximal homogeneous subpictures.
Observe, however, that thg-convexity ofp may not be preserved after rewriting

g in p with w, even thoughw is a N-convex picture. For instance,df is in BT,

B € N, and inp one pixel containingB (B-pixel for short) toucheg, thenp’

may not beB-convex. Even in the case thatis N-convex, that is allB-pixels
might be conjoined together to make a new maximadubpicture, a subsequent
derivation would simultaneously rewrite the conjoined pixels, thus violating the
idea of context-free rewriting. To avoid these interference effects, we introduce a
suitable blocking of pictures.

Definition 17. The N-blockingOy : (XU N)™T — (X U (N x M))™* of a
picture is defined for every-convex picturep € (X U N)™*, as follows. The
picture Oy (p) is obtained fronp by replacing, for eactd € N, every maximal
A-subpicture; of p with 00 (g).

Notice that, ifp € AT, A € N, thenOn(p) = O(p).

By Proposition 1, ip € LCVXy(NUX), then there exists a unique picturey (p),
whose block homogeneoué-subpictures are maximal.

Definition 18. Let G = (X, N, S, R) be a TRG. Aone-step derivatiois a binary
relation=¢C (ZU (N x M))"T x (XU (N x M))* T such thap =¢ p' if pand
p’ have the same size and there exist N, (i, j) € coor(p) and a blockA-picture
r <¢ ;) p and arule inR of the formA — Q , a picturew € Q, with |r| = |w|, such
that:p’ = p [On(w)/r], ;) -

We say thatp derives in one step’ if p = p'. Let = be the reflexive and
transitive closure of¢. We say thap derivesy’ if p = p'. Notice thatp| = |p/|
and that ifp is the N-blocking of a picture, alsg’ is a N-blocking.

See the example after Definition 21.
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Definition 19. The picture languagedefined by a grammat is L(G) = {p €
YhHt. 0 (S'p‘) :*>G p}.

With an abuse of notation, if there exists &rpicture X™™ such thaty(X"™™) =¢
p, we prefer to writeX =, p, since the blocking is understood and the siz& 6"
is uniquely determined by the size pf Accordingly, the definition ofl.(G) may
be written as{p € ©** : S = p}.

It is known that the family of TRG languages strictly includes the TS-REC family.
The next developments constrain the form of derivations in order to match the ca-
pacity of TS.

The first constraint removes altogether recursive derivations. We recall that non-
recursive context-free grammars generate finite languages, but, for a meaningful
comparison with TRG, the grammar rules should allow local regular languages
in the right parts. Such extension of course does not enlarge the family of gen-
erated languages. By constraining the extended context-free grammars to be non-
recursive, the family of regular languages is obtained.

A straightforward generalization of the concept of non-recursive context-free gram-
mar is defined next.

Definition 20. Given a TRGG, a honterminal symball is callednon-recursivef
there is no derivation of the form = p wherep has a block4-subpicture. If the
property holds for all nonterminals, the grammar is called non-recursive.
Two symbolsA, B € N aremutually recursivéf there exist two derivations =
p, B = g wherep has a blockB-subpicture ang has a block4-subpicture.

In order to prove that a non-recursive TRG only generates a TS language, it helps
to the concept of derivation by level, to combine independent one-step derivations
into a macro step.

Definition 21. A one-level derivatiofis a binary relation=C (XU(N xM)) ™ x
(XU (N x M))*™* such thap = p’ if p andp’ have the same size and, denoting
with 7, <., 0 P, 1 < m < n the block homogeneous subpicturegpfor each
m,1 < m < n, and for each4,, € N such that-,, is a block A,,-picture there
exist rules inR of the form A,,, — Q,, and picturesv,, € Q,, with |r,,| = |wn],
such that:

p=p [On(w1) /1], 4y [On(W2) /T2 6, 4y - - - [On(Wn) /0l o oy

We say thatp derivesp’ in one level ifp =4 p'. Let %G be the reflexive and

transitive closure of=.. We say thap derivesy’ by level if p = p’. Clearly, if
p=gp thenp =¢ p'.
The following figure shows a derivation and a one-level derivation from the picture
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given in the middle, using the rulé — B™* @ a™™:

b b bbiB2a b b b blAAZ b b bbLA A2
'BB*ab b bET1TAAA2b D b = 'BB>ab b b
4BBgab b b 4AAAgbb b 4BBgCLbb b

Theorem 3. The family of languages generated by non-recursive TRG grammars
coincides with the family of TS-REC languages.

PROOF. Let G = (X, N, S, R) be a non-recursive TRG anl a nonterminal
symbol. LetLg x = Uq: x—oecr On(§2). We can define a block substitution:

Y UN — 229N as follows:o(a) = a™t fora € X, 0(X) = Lg.x for X €

N. (Strictly speakingg is a block substitution only if we assume every terminal
symbol is of the fornja3 for somes € .) We claim that.(G) = oVl(O (ST1))N

T,

First, we prove that (G) is in TS-REC. One level derivation step=. ¢’ replaces
every block A-subpicture ofg with isometric pictures irdy(€2), when applying
aruleA — Q. Hence, ifp € L(G), beingG non-recursivep is obtained by

at most|N| steps of a level derivation fromi: p € ¢!Vl (D (S'p‘)) N Y*t+*. So
L(G) C (e (O(STT)))NSH*. Now L(G) is TS-recognizable becausg S++)
andX** are TS-recognizable, and TS-REC is closed under block substitution and
intersection.

The opposite direction is obvious from the proof of Theorem 25 of [8] (showing the
inclusion of TS languages in the TRG language family), which is based on defining
a non-recursive TRG for every TS language. O

However, as a consequence of the emptiness problem for local languages (see [4],
Theorem 9.1), checking whether a TRG is recursive is not decidable. The proof of
Theorem 9.1 reduces the problem of emptiness of a local language to the termina-
tion of a Turing machine//. The same result holds for restricted local languages:
tiles without borders can ensure that the initial stgtef M is only in the first line,

and that the final statg is only in the last line (obviously/ must not have cyclic
transitions ingy, but we can always modify a Turing machine for this). To prove it,
consider a TR@~ containing the rulesA — Q; | ... | &, whereA is the axiom,

Q;,1 < i < k define the restricted local language which encodes a computation
of M (as in Theorem 9.1), and is used also to represeqt. Then, checking the
recursiveness af/, means checking the termination &f. Therefore, we propose

a sufficient condition of non-recursiveness.

Definition 22. Consider two rulef?; = A; — Q; andR, = A, — Q, of a TRG
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GG. The relation? is defined af?; Z R, iff A, is a symbol used in tiles d¢?;. The
dependence relatiobetween rules is the transitive closuref

A TRG G is syntactically non-recursivié it does not contain any rul&, such that
R depends on itself.

The last development moves in the direction of finding a restriction on the form
of TRG rules that in context-free grammars would correspond to the absence of
self-embedding derivations. It is known that such grammars precisely correspond
to regular languages [3] (for a more recently account see [1]). The idea is to restrict
recursion to occur in a corner of the picture as next defined.

Definition 23. A TRG G = (X, N, S, R) is acorner grammarif there exists a
partition of NV in sets:Ny, N,, N3, N4, N such that:

(1) N is the set of non-recursive nonterminals(gf

(2) foreveryi, 1 <i <4, foreachA € N;if A= p, thenpisa(N;,>UN —
N;);-corner picture;

(3) foreveryi # j, 1 <1i,5 < 4, foreveryA € N;,B € N;, AandB are not
mutually recursive.

Clearly, a non-recursive TRG is a special case of corner grammar {yith () for
everyi, 1 < ¢ < 4). A corner grammar is a generalization of right-linear or left-
linear grammars for the 1D case, and it is the 2D analogous of a 1D grammar where
self-embedding is never allowed. We allow, in every non-corner position of a pic-
ture, only terminals or those nonterminals that cannot give raise to recursions (i.e.,
those ofN), while considering disjoint (possibly empty) nonterminal alphabets for
the four corners.

Checking whether a TRG is a corner grammar is not decidable. This can easily
be proved along the same lines of the above proof of the undecidability of check-
ing whether a TRG is recursive. It would also be possible to formulate decidable
sufficient conditions, which ensure that a TRG is a corner grammar.

Theorem 4. A corner TRG defines a TS-REC language.

PROOF. LetG = (X, N, S, R) be a corner grammar, whefé = N; U N, U N3 U

N, U N is the partition of the definition. As in the proof of Theorem 3, we assume
that every: € X is actually of the forma2. Let L(G, A) = {p e St+ : A =4 p}.
Therefore L(G) = L(G, S), with eitherS € N; for somei, 1 <i < 4,0rS € N.

We show thatl.(G, A) is a TS language for every € N.

Let A € N;, forsomei, 1 <i <4.LetA — O | ... | Q,, be the rules forA in R.
Define the languagér, = 0 U...UQ,,UA™ ™. Obviously,Lg, isa TS language
(onNUY), butitis also, by Definition 23, part (2),(&;, XU(N —N;));-corner lan-
guage. Consider the gramm@y = (XUN — N;, N;, A, R), where the nonterminal
alphabet is onlyV; and the other symbols iV are considered as terminals. Define
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foreveryj, 1 < j < 4, the (V;, X U N — N;),-corner substitutions;(X) = Lg,
foreveryX € N;,0;(X) = X" for X € SUN — N;. Thenifp € o, (ATT)
for someh > 0 (i.e., it may be obtained by iteratirigtimes the corner substitution
o;c) there isk < h such thatd =f p. Also, if A =}, pthenp € ol (ATT).
Hence L(G4) = 0;5(ATT)N(XUN — N;)™*, and hencd.(G4) isa TS language
since TS-REC is closed under intersection and nested iterated corner TS substitu-
tion. Define a substitution(X) = Oy _w(o1&(026(036(04s(XTT))))). Since,
by definition of corner grammar, there is no mutual recursion between nontermi-
nals in different alphabetd’; and N;, there existsc > 0 such that/};( X T) =
SEFL(XT). Sincedl (X ) is a finite iteration of a TS substitution applied to
a TS language, alséf;(X 7)) N (X U N)** is TS language. For simplicity, de-
fine a block substitution : U; N; U ¥ — 2G9N with p(a) = aif a € %,
p(A) = Oy w(AT))N(SUN)HFfor A e U; N;.

Let A € N. Define a grammaty’, = (X U U; N;, N, A, R). GrammarG, is not
recursive and therefore derives a TS langua@@’,). Define a block substitution
v: NUD — 2CUNI with v(a) = aif a € 3, v(A) = L(G) for A € N.
Finally, now one can compose and v to define the TS block substitution :
NUY — 269N asr(a) = p(r(a™T)) Ua™tt for everya € N U X. Then if

S € N,p e L(G) iffthereisj such thap € 77 (ST T)NLT+, while if S € N, then

p € L(G) iff there isj such thap € v(77(p(S™T))) N ™. However, since from
everyA € N itis not possible to generate a picture with a bletlsubpicture (i.e.,
self-recursion is not possible for symbolsif), then; < |N|. Therefore L(G) is
also a TS language, by closure under block substitution and intersection. [

By Theorem 3, it follows immediately that for every TS language there is an equiv-
alent corner grammar, since non-recursive TRG are just a special case of corner
grammars.

Example 4. The corner grammar:

S S a
S a
S—DBya| SSall |a
a a
a aa

defines the language:™™ : n > 1}. The equivalent TS, conceptually based on the proof
of Theorem 4, is defined by the tile set

S S s s
S S'S
B B S5 S 8
0 = Ba2(p1) U Bopa(p2); p1= 858" S, p2 =
S S S y9
S S S
S’ s' s s
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and by the projection(S) = 7(S5’) = a.

In conclusion, this paper went some way into showing that classical results of

string languages can be extended to picture languages of the TRG and TS fami-
lies: two properties related to recursion have been reformulated from context-free
string grammars and proved valid in the 2D case.
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