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Abstract

Tile Rewriting Grammars (TRG) are a new model for defining picture languages. A rewrit-
ing rule changes a homogeneous rectangular subpicture into a isometric one tiled with
specified tiles. Derivation and language generation with TRG rules are similar to context-
free grammars. A normal form and some closure properties are presented. We prove this
model has greater generative capacity than the Tiling Systems of Giammarresi and Restivo
and the grammars of Matz, another generalization of context free string grammars to 2D.
Examples are shown for pictures made by nested frames and spirals.

Key words: picture languages, 2D languages, tiling systems, context-free grammars,
locally testable languages.

1 Introduction

In the past several proposals have been made for applying to pictures (or 2D) lan-
guages the generative grammar approach but in our opinion none of them matches
the elegance and descriptive adequacy that made Context Free (CF) grammars so
successful for string languages. A picture is a rectangular array of terminal symbols
(the pixels).

A survey of formal models for picture languages is [3] where different approaches
are compared and related: tiling systems, cellular automata, and grammars. The lat-
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ter had been surveyed in more detail by [7]. Classical 2D grammars can be grouped
in two categorie$ calledmatrix andarray grammars respectively.

The matrix grammars, introduced by A. Rosenfeld, impose the constraint that the
left and right parts of a rewriting rule must be isometric arrays; this condition over-
comes the inherent problem of “shearing” which pops up while substituting a sub-
array in a host array.

Siromoney'’s array grammars are parallel-sequential in nature, in the sense that first
a horizontal string of nonterminals is derived sequentially, using the horizontal pro-
ductions; and then the vertical derivations proceed in parallel, applying a set of ver-
tical productions. Several variations have been made, for instance [1]. A particular
case are the 2D right-linear grammars in [3].

Matz’s context-free picture grammai$] rely on the notion of row and column
concatenation and their closures. A rule is like a string CF one, but the right part is
a 2D regular expression. The shearing problem is avoided because, say, row con-
catenation is a partial operation which is only defined on pictures of identical width.

Exploring a different course, our new modgéle Rewriting Gramma(TRG), intu-
itively combines Rosenfeld’s isometric rewriting rules with the Tiling System (TS)
of Giammarresi and Restivo [2]. The latter defines the family of Recognizable 2D
languages (the same acceptedbyline tessellation automataf Inoue and Naka-
mura [4]).

A TRG rule is a schema having to the left a nonterminal symbol and to the right a
local 2D language over terminals and nonterminals; that is the right part is specified
by a set of fixed size tiles.

As in matrix grammars, the shearing problem is avoided by a isometric constraint,
but the size of a TRG rule needs not to be fixed. The left part denotes any rectangle
filled with the same nonterminal. Whatever size the left part takes, the same size
is assigned to the right part. To make this idea effective, we impose a tree patrtial
order on the areas which are rewritten. A progressively refined equivalence relation
implements the partial ordering. Derivations can then be visualized in 3D as well
nested prisms, the analogue of syntax trees of string grammars.

To our knowledge this approach is novel and is able to generate an interesting gamut
of pictures: grids, spirals, and in particular a language of nested frames, which is in
some way the analogue of a Dyck language.

Sect. 2 lists the basic definitions. Sect. 3 presents the definition of TRG grammar
and derivation, two examples, and proves the basic properties of the model: canoni-
cal derivation, uselessness of concave rules, normal forms, closures for some opera-

2 Leaving aside the graph grammar models because they generate graphs, not 2D matrices.



tions. Sect. 3 compares TRG with other models, proving that its generative capacity
exceeds that of Tiling Systems and of Matz’s CF picture grammars. The appendix
contains the grammar of Archimedes spirals.

2 Basic Definitions

Many of the following notation and definitions are from [3].

Definition 1 For a finite alphabet:, the set of pictures i&**. For h,k > 1,
»(hk) denotes the set of pictures of sie k) (we will use the notationp| =
(h, k), [Plrow = h,|ples = k). # is used when needed ashaundary symbolp
refers to the bordered version of pictyseThat is:

# # ... H#

p(1,1) ... p(1,k) #p(1,1) ... p(1, k) #

pEZ(h’k) = p= . i . ]3: . . . . .
p(h,1) ... p(h, k) # p(h,1) ... p(h, k) #

# # ... HH#

Apixelis an elemenp(i, j). If all pixels are identical ta” € ¥ the picture is called
homogeneouand denoted a§'-picture.

Row and column concatenatioase denoted> and®, respectivelyp S ¢ is defined

iff p and ¢ have the same number of columns; the resulting picture is the vertical
juxtaposition ofp overq. p*© is the vertical juxtaposition of copies ofp; p*© is

the corresponding closure),*® *© are the column analogous.

Thepixel-by-pixel cartesian produgtritten p ® ¢) is defined iffjp| = |¢| and is
such that for all, j, (p ® )(i, ) = (p(, 7). a(i, 5)).

Definition 2 Letp be a picture of sizéh, k). A subpictureof p at position(i, j) is
a pictureq such that, if(h’, k') is the size of;, thenh’ < h, k' < k, and there exist
integersi, j (i < h—h'+1,j < k—k+1)suchthay(i,j") = p(i+i'—1,j+5 —1)
forall 1 <7 p',1 < 5 < K. We will write alsog <; ;) p, or the shortcut

<
q<p=di,jq i) P)-

Moreover, ifg <(; ;) p, we defineoor; j)(q, p) as the set of coordinates pfwhere
q is located:

coor(ijy(q,p) = {(z,y) | i <2 <i+qlrow — 1A <y <J+|qlea — 1}



Conventionallycoor; ;) (¢, p) = 0, if ¢ is not a subpicture of. If ¢ coincides with
p We writecoor(p) instead ofcoor 1 1)(p, p).

Definition 3 Let~y be an equivalence relation amor(p), written (z,y) ~ (2/,1/).
Two subpictureg <; ;) p, ¢ <) p are y-equivalent written ¢ X ¢, iff for all
pairs (z,y) € coor( j)(q,p) and(a’,y') € coory (¢, p) it holds(z,y) L ().

A homogeneouS'-subpictureg < p is calledmaximal with respect to relationiff
for everyy-equivalentC-subpicturey’ it is

coor(q,p) Ncoor(q',p) = 0V coor(q',p) C coor(q,p).

In other wordsy is maximal if anyC'-subpicture which is equivalent tais either a
subpicture of; or it is not overlapping.?

Definition 4 For a picturep € ¥** the set of subpicturegor tiles) with size(h, k)
is:

Bui(p) = {g € 2"P | ¢ < p}.

We assume, , to be only defined oR**) (horizontal strings), and3;, ; on X1
(vertical strings).

For brevity, for tiles of siz¢1, 2), (2, 1), or (2, 2), we introduce the following nota-
tion:
Bia(p).if |pl = (L k), k> 1
[p] = 3 Baa(p),if |p| = (h,1),h > 1
Bys(p),if |p| = (h k), h, k> 1
Definition 5 Consider a set of tiles C £/, Thelocally testable language in the

strict sensalefined byw (written LOC, (w)*) is the set of picturep € ¥** such

Thelocally testable languaggefined by a finite set of tile5OC,, ., ({w1, w2, - . .,
wy})® is the set of picturep € ¥** such that for someé, B; ;(p) = w.

Thebordered locally testable languadgfined by a finite set of tildsO C.., ({ w1, wo,
...,wy}) is the set of pictureg € ¥** such that for some, B; ;(p) = wy.

3 Maximality as used in [6] is different. It corresponds to the conditionr(q,p) ¢
coor(q', p).

4 To avoid confusion with LOC defined in [3], we mark these with “u” (standsufaipor-
dered because they do not use boundary symbols).

5 eq stands for equality test.



Definition 6 Substitutionf p, ¢, ¢’ are picturesg <; ; p, andgq, ¢’ have the same
size, therp[q'/q](;,;) denotes the picture obtained by replacing the occurrencg of
at position(i, 7) in p with ¢'.

Definition 7 The (vertical)mirror imageand the (clockwisejotationof a picture
p (with |p| = (h, k)), respectively, are defined as follows:

p(h,1) ... p(h, k) p(h,1) ... p(1,1)
Mirror(p) =+ . ! pt= i :

p(1,1) ... p(1,k) p(h, k) ... p(1, k)

Notice that the sizes dffirror(p) andp® are respectivelyh, k) and (k, h).

3 Tile Rewriting Grammars

The main definition follows.

Definition 8 ATile Rewriting Grammar (in short Grammas)a tuple(3, N, S, R),
whereY is theterminalalphabet,V is a set olnonterminalsymbols,S € N is the
starting symbqlR is a set ofrules

R may contain two kinds of rules:

Fixed size: A — t,whered € N,t € (XU N)®® withh, k > 0;
Variable size: A — w, whereAd € N,w C (S U N)®R with1 < h k < 2.

Intuitively a fixed size rule is intended to match a subpicture of (small) bounded
size, identical to the right paft A variable size rule matches any subpicture of any
size which can be tiled usirggl the elements of the tile setv. However, fixed size
rules are not a special case of variable size rules.

Definition 9 Consider a grammati = (X, N, S, R), letp,p’ € (X U N)b be
pictures of identical size, and let 4’ be equivalence relations ovesor(p).

We say thatp’, 7') derives in one stefsom (p, v), written

(p,7) = @,

iff for someA € N and for some rulep : A — ... € R there exists irp a
A-subpicturer <,,, ,,) p, maximal with respect tg, such that:



e ' is obtained substituting with a pictures, that is

p/ = p[s/r](m,n)

wheres is defined as follows:
Fixed size: if p = A — t, thens = ¢;
Variable size:if p = A — w, thens € LOC, ., (w).

e Letz be coor(,n)(r,p). LetI be they-equivalence class containing Then,
~'" is equal to, for all the equivalence classes I'; I' in +/ is divided in two
equivalence classes,and its complement with respectliq= 0 if z = T").

More formally:

Y =\ A{((x1,41), (w2, 92)) | (21,31) € 2 x0r (22, 102) € 2}

The subpicture is named thapplication areaf rule p in the derivation step.

We say thatq, ') is derivable from(p, ) in n steps, writter(p, v) = (¢,7'), iff

p = g andy = v/, whenn = 0, or there are a picture and an equivalence relation
" such that(p,v) 2= (r,~") and (r,7") =¢ (¢,7'). We use the abbreviation
(p,7) =¢ (¢,7) for a derivation withn > 0 steps.

Definition 10 Thepicture languagéefined by a grammag (written L(G)) is the
set ofp € ¥** such that, ifip| = (h, k), then

(5", coor(p) x coor(p)) Z¢ (p.7) (1)
where the relationy is arbitrary. For short we writeS = p.

Notice that the derivation starts withSapicture isometric with the terminal picture

to be generated, and with the universal equivalence relation over the coordinates.
The equivalence relations computed by each step of (1) are gdiedhalrela-

tions. When writing examples by hand, it is convenient to visualize the equivalence
classes of a geminal relation, by appending the same numerical subscript to the pix-
els of the application area rewritten by a derivation step. The final classes of equiv-
alence represent in some sense a two dimensional generalization of the parenthesis
structure that parenthesized context-free string grammars assign to a sentence.

Example 11 Chinese boxesZ = (X, N, S, R), whereX = {7, L, 4,0}, N =
{S}, and R consists of one fixed size, one variable size rule:
O
|

For brevity and readability, we will often specify a set of tiles by a sample picture
exhibiting the tiles as its subpictures. We wiite separate alternative right parts
of rules with the same left part (analogously to string grammars). The previous

9
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grammar becomes:

|—
L

r oo 1

o Unlno

o Unno

L OO0

Toooo !
oFNoo o

A picture inL(G) is: g g [ j g 2 and is obtained applying the variable size rule

OpL OO0 0

L OOOO0 4
twice and then the fixed size rule. We show a complete derivation for a more general
version of this language in the following example.

Example 12 2D Dyck analogue.The next languagé,,., a superset of Chinese
boxes, can be defined by a sort of blanking rule. But since terminals cannot be
deleted without shearing the picture, we replace them with a charagtdank or
background).

Empty frame: Let £ > 0. Anempty frames a picture defined by the regular ex-
pression:("®(c)* D7) © (o O V¥ @ 0)k° & (LD(0)* D), i.e. a box bordered
by o, containing jusb’s.

Blanking: The blanking of an empty frame is the picturedel(p) obtained by
applying the projectiorel(x) = b,x € ¥ U {b}.

A picturep is in Ly, iff by repeatedly applyingel to subpictures which are empty
frames, an empty frame is obtained.

To obtain the grammar, we add the following rules to the Chinese boxes grammar:
SSX X g g S S
5= ﬁssxxm Mx x| X~ ﬁssﬂ
X X

To illustrate, in Figure 1 we list the derivation steps of a picture. Nonterminals in
the same equivalence class are marked with the same subscript.

Although this language can be viewed as a 2D analogue of a Dyck’s string lan-
guage, variations are possible and we do not claim the same algebraic properties
asin 1D.
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Fig. 1. Example derivation with marked application areas.

3.1 Basic properties

The next two statements, which follow immediately from Definitions 3 and 9, may
be viewed as a 2D formulation of well known properties of 1D CF derivations.

Let P = ...
corresponding application areas.

= pn41 be a derivation, ana; <

(i1,51) P1y---3Tn S](in,jn) Pn the

Disjointness of application areas: For anypy,p,, f < g, one of the following

holds:
(1) COOT‘(igJ‘g)(Tg,pg) g COO'I"(ifJf)(Tf,pf);
(2) cooriy ) (rs,p5) N coor, j,)(rg, pg) =

That is, the application area of a later step is either totally placed within the appli-
cation area of a previous step, or it does not overlap. As a consequence, a derivation
can be represented in 3D as a well-nested forest of rectangular prisms, the analo-

gous of derivation trees of string languages.



Canonical derivation: The previous derivation igxicographidff f < gimplies
(ir,7¢) <iex (i4,74) (Where <, is the usual lexicographic order). Then, the
following result holds:

L(G)={p| S =¢ pand = is a lexicographic derivation

Definition 13 A rule p of a grammarG' is usefulif there exists a derivatios =
p € X** which makes use gfat some step; otherwigeis calleduseless

Definition 14 Consider a grammafz = (X, N, S, R). A variable size rulel — w
is calledconcavéff w contains an element of the following set:

AA 2z A Ax AA
xr A AA AA Ax
whereA € N,z € NUX, x # A.

Theorem 15 A concave rule is useless.

PROOF. By contradiction, ifA — w, a concave rule, is used in a derivation,
thenLOC, ., in Definition 9 compels the use of every tiledn But concave tiles
generate pictures having a concave area filled with the same nonterminal, say
and the geminal relation updated by the derivation step is such that this whole
area is in the same equivalence class. But Definition 3 makes it impossible to find
at following steps, ai-subpicture which is maximal with respect to the geminal
relation; hence the derivation fails to produce a terminal picture. O

A useful grammar transformation consists of moving terminal symbols to fixed size
rules.

Definition 16 A grammarG is in terminal normal formiff the only rules with ter-
minals have the forml — =,z € 3, i.e. they are unitary rules.

Theorem 17 Every grammaiG = (X, N, S, R) has an equivalent grammay’ =
(3, N, S, R') in terminal normal form.

PROOF. To constructy’, we eliminate terminals from variable size rules and non-
unitary fixed size rulesN’ contains/, and for every terminak, we have inN’

two nonterminalga, 0) and(a, 1). The idea is to replace every homogeneaus
subpicture with a chequered area(af0) and (a, 1), in which every application
area has sizgl, 1).



Let Ch{™™ (and Ch{™™) be a chequerboard made of 0 and 1 symbols, starting
with a O (1, resp.) at the top-leftmost position. ket N’ U (N x {0,1}) — N’ be
the projection defined as({(a, k)) = (a, k), if a € 3; n((A,k)) = A, if A€ N.

The mapping_ hequer : & ((Z U N)(m:")) — P ((N’)W”)) is defined as:

Chequer(w) = {n(t@t) |t € w At € {Chy!, Chl'}}
Then, for every variable size rulé¢ — w in G, the following rules are i
{X — W' | W' C Chequer(w) A Chequer (') = w}

For every non-unitary fixed size rulé — t, the ruleX — =« (t ® Chg‘) isinG'.
Moreover, the unitary fixed size rulés,0) — a, (a,1) — a are inG’. G’ is by
construction in terminal normal form.

By construction, rules id7’ maintain the same structure and applicability of rules

in G, as far as nonterminals iN are concerned. The only difference resides in de-
rived terminal subpictures, that are replaced-irby chequered subpictures made

of new nonterminals, which maintain information about the terminal symbol origi-
nally derivable inGG in the same area. The chequered structure of these subpictures
contains only unitary application areas. Therefore, starting from these subpictures,
and using the unitary terminal rules introducedihit is always possible to derive
homogeneous terminal subpictures, identical to those derivabledrom O

Example 18 Terminal normal form of Example 11. It is possible to obtain the
equivalent terminal normal form grammar by using the construction presented in
Theorem 17. For ease of reading, we write the nontermifalé),a € X,k €

{0, 1} asay. The resulting grammar (without useless rules) is the following:

o] |3 Y

S 0° % 1 S S
S_>01|015500|00355501
L1 Jo 005501 01555500

L1 ©0 ©1 1o 005 S S S o

L1 ©09 ©1 99 ©1 Jo

To— ", 1 =1 09 >0, 0y >0

3.2 Closure Properties

For simplicity, in the following theorem we suppose thaiG,), L(G,) contain
pictures of size at least (2,2).

10



Theorem 19 The familyL(T'RG) is closed under union, column/row concatena-
tion, column/row closure operations, rotation, and alphabetical mapping (or pro-
jection).

PROOF. Consider two grammartS; = (X, Ny, A, R;) andGs = (3, Ny, B, Rs).
Suppose for simplicity thatv; N N, = 0, S ¢ N; U Ny, and thatG;, G, generate
pictures having size at lea&, 2). Then it is easy to show that the gramndar=
(3, NyU N, U{S},S, Ry URy U R), where

ool 1]+ sl
is such that.(G) = L(G;1) U L(G5).
BBM
B B

Concatenation®/o :
R = {S — Nﬁ

is such thatl.(G) = L(G1) © L(G2). The row concatenation case is analogous.
Closures*® /*© .

Union U :

SN

G =(3,NU{S}, S R UR)

nefs-J1as ] [44])

is such thatl.(G) = L(G;)*®. The row closure case is analogous.

Rotation R : Construct the grammar = (X, N, A, R'), whereR’ is such that, if
B — t € R, is a fixed size rule, the®® — t?isinR;if B - w € R, is a
variable size rule, the® — «'isin R/, witht € w imply t® € «'. It is easy to
verify that L(G) = L(G;)%.

Projection 7 :  Without loss of generality, we suppo&g in terminal normal form
(Theorem 17). Consider a projectian: ; — Y. It is immediate to build a
grammarG’ = (3y, N1, A, Ry), such that.(G") = m(L(G4)): simply applyr to
unitary rules. That is, ifX — = € Ry, thenX — 7(z) € R, while the other
rules ofG; remain inR, unchanged. O

where

4 Comparison with other models

We first compare with CF string grammars, then Tiling Systems, and finally with
Matz's 2D CF grammars.

11



4.1 String grammars

If in Definition 8 we choosé. = 1, then a TRG defines a string language. Such 1D
TRG's are easily proved to be equivalent to CF string gramfndrsfact, the TRG
model for string languages is tantamount to a notational variant [6] of classical CF
grammars, where the right parts of rules are local languages.

4.2 Tiling Systems and 2D CF Grammars

The next comparison has to face two technical difficulties: TS are defined by local
languages with boundary symbols, which are not present in TRG; and the test of
which tiles are present uses inclusion in TS, equality in TRG. First we prove that a
class of local languages is strictly includedd(I’ RG).

Lemma 20
L(LOC,.¢) C L(TRG)

PROOF. Consider alocal two-dimensional language ovetefined (without bound-
aries) by the set of sets of allowed tilg$,, Vs, ..., 9, },9; € (>?). An equivalent
grammarisS — vy | Vs | ... | Oy. O

To simplify the comparison with TS, we reformulate them using the terms of Def-
inition 5, showing their equivalence, then we prove strict inclusion with respect to
TRG. First we recall the original definition.

Definition 21 (Definition 7.2 of [3]) Atiling system(TS) isa4-pl&& = (X, T, 9, 7),
whereX andI are two finite alphabets,

(1) ¥ is afinite set of tiles over the alphalbéty {#},
andr : I' — X is a projection.

Definition 22 The tiling system&'S,, and1'S,, ., are the same as @S, with the
following respective changes:

¢ Replace the local language defined by (1) WithC., ({91, Vs, ..., 9,}), where
1, 1S a finite set of tiles over.

e Replace the local language defined by (1) WithC, ., ({91, 92, ..., U, }), where
v; is a finite set of tiles over. InT'S,, ., there is no boundary symbol #.

6 However the empty string cannot be generated by a 1D TRG.

12



Lemma 23 L(T'S.,) = L(TS).

PROOF. First, L(T'S) C L(TS.,). This is easy, because if we consider the tile
sety of aT'S, by taking{d,,9s, ..., 9,} = £(¥) (the powerset) we obtain an
equivalentT's,,. Second, we have to prove tha{7's.,) C L£(T'S). In [3], the
family of languagesC(LOC,,(£?)), where() is a set of sets of tiles, is proved to
be a proper subset @f(7'S) (Theorem 7.8). BuL(7'S) is closed with respect to
projection, andZ(7'S,,) is the closure with respect to projection®©fLOC,,(12)).
Therefore L(T'S.,) C L(T'S). O

Next we prove that boundary symbols can be removed.

Lemma 24 L(T'S,.q) = L(T'Se,).

HINT OF THE PROOF. PartL(T'S.,) C L(T'Syeq). LetT = (X, {9, Vs,

..., U, },m) be al'S,,. For every tile set);, separate its tiles containing the bound-
ary symbol # (call this subseX) from the other tiles«!). That is,s; = ¥, U ¥7.
Introduce a new alphabét and a bijective mappingy- : I' — I". We use symbols
in I to encode boundary, and new tile s&tto contain them: for every tilein ¥,

if there is a tile inY, which overlaps witht, then encode this boundary in a new tile

t" and put it in the sef;. For example, suppo§cé2 € 97 overlaps with72é 7?)& € ]

iwn d F# / br(a) br(b a br(b ing.
and Wlth# i € 19, then both ((: ) ),and br(c) b?“éd% are inj;.

Consider &l'S, ., 7" = (3, UT",Q,7), wheren’ extendsr to [ as follows:
'(br(a)) = 7'(a) = w(a),a € I, andubr : ' UI" — I'is defined asibr(a) =
br='(a), if a € T’, otherwise= a, and it is naturally extended to tiles and tile sets.
Qis the set:

{919 CO/UGAubr() =9 ANINGADAN1<i<n}.
The proof thatl.(T") = L(T") is straightforward and is omitted.

PartL(T'Syeq) C L(TSe,). LetT = (X,T,{th,Vs, ..., V,},7) be aT'S, .,. To
construct an equivalerif'S.,, we introduce the boundary tile sefs defined as

follows. For every tile‘é 3 € v;, the following tiles are in;:

{## ht B Ha b
#a’' a b’ b# Hc d#

d d#
I ##}

Fo

# c
7##7

13



Consider d’S,, " = (X,T, 2, 7), wheref2 is the set:

It is easy to show thak(T") = L(7T"). O

Example 7.2 of [3], the language of squares over the alpHaliets defined by the
following T'S,, -

191:

coor
cono
ocnvoo
wooo
2
[\
I
=

Theorem 25

PROOF. It follows from Theorems 19, 20, 23, 24, and the fact tBel’S,, .,) is
the closure ofZ(LOC,, .,) with respect to projection. O

The following strict inclusion is an immediate consequence of the fact that, for 1D
languages(7'S) € L(CF),andL(TRG) = L(CF)\{¢}. Butwe prefer to prove

it by exhibiting an interesting picture language, made by the vertical concatenation
of two specularly symmetrical rectangles.

Theorem 26
L(TS) # L(TRG)
PROOF. LetY = {a, b}. Consider the 2D language of palindromic columns, such

as L={p|p=sS Mirror(s) As € ¥ h>1Fk>1}.

QTSR

R
SISO

Consider the gramma:

sl Bl
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) a b
a X X
X=ole x| Hix
b

a

It is easy to see thdi(G) = L.

We prove by contradiction thdt ¢ £(7'S). Suppose that € £(T'S), thereforeL
is a projection of a local languagé defined over some alphabEt Let a = ||
andb = |I'|, with a < b. For an integer, let:

L,={p|p=s6 Mirror(s) A|s| = (n,n)}.

Clearly,|L,| = a™. Let L/ be the set of pictures ifYY overI” whose projections are
in L,,. By choice ofb and by construction of.,, there are at most* possibilities
for then-th and(n + 1)-th rows in the pictures of/,, because this is the number of
mirrored stripe pictures of siz@, n) overT".

For n sufficiently largea™ > b™. Therefore, for such, there will be two different
picturesp = s, © Mirror(s,),q = s, © Mirror(s,) such that the corresponding
P =s,0s,,q = s,0s; have the same-th and(n + 1)-th rows. This implies that,
by definition of local language, pictures= s, © s;, w' = s, © s, belong toL;,
too. Therefore, pictures(v’) = s, © Mirror(s,), andn(w') = s, © Mirror(s,)
belong toL,,. But this is a contradiction. a

We terminate by comparing with a different generalization of CF grammars in

two dimensions, Matz's CF Picture GrammafsH{PG)[5], a model syntactically

very similar to string CF grammars. The main difference is that the right parts of

their rules useD, © operators. Nonterminals denote unbound rectangular pictures.

Derivation is analogous to string grammars, but the resulting regular expression
may or may not define a picture (e (b © b) does not generate any picture).

Theorem 27
L(CFPG) C L(TRG)

HINT OF THE PROOF. Consider now a Matz's CFPG grammar in Chomsky
Normal Form. It may contain three types of rules:» BOC; A — B&C; A —

a. Moreover, suppose thdt 4 C (this is always possible, if we permit copy rules
like A — B). Then,A — B @ C corresponds to the following TRG rules:

a-1pnee)i|aee] | ane]
[BBcc]i[Bcc]i|sBc]iBC
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To obtainA — B, just deleteC’ from the previous rules. The case is analogous
to @, while A — a is trivial. O

Theorem 28
L(CFPG) # L(TRG)

PROOF. ltis a consequence of Theorems 25, 26, and 27, and the fact from [5] that
L(TS) L L(CFPG). O

An example of a TRG but not CFPG language is the following. We know from
[5] that the “cross” language, which consists of two perpendictiiames on a
background of, is not inC(C'F PG). Itis easy to show that the following grammar
defines the language:

aa baa
B—laal|l;A— ||baa
BB AA bb bbb
BB AA . -
S=\ccppl|’
cCCcDD
o laall. p_|baa
aall’ baa

The fine control on line connections provided by TRG rules allows the definition of
complex recursive patterns, exemplified by the spirals presented in the Appendix.

5 Conclusions

The new TRG model extends the context-free string grammars to two dimensions.
Each rule rewrites a homogeneous rectangle as an isometric one, tiled with a spec-
ified tile set. In a derivation the rectangles, rewritten at each step, are partially or-
dered by the subpicture relation, which can be represented in three dimensions by
a forest of well nested prisms, the analogue of syntax trees for strings.

Spirals and nested boxes are typical examples handled by TRG.

The generative capacity of TRG is greater than that of two previous models: Tiling
Systems and Matz’'s context free picture grammars.

Practical applicability to picture processing tasks (such as pattern recognition and
image compression) remains to be investigated, which will ultimately depend on the
expressive power of the new model and on availability of good parsing algorithms.
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The analogy with string grammars raises to the educated formal linguist a variety
of questions, such as the formulation of a pumping lemma. For comparison with
other models, several questions may be considered, e.g whether TRG and TS fami-
lies coincide on a unary alphabet, or the generative capacity of non-recursive TRG
versus TS.
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6 Appendix

Grammar for defining discrete Archimedean spirals with stép 3

QO<<n
QAO<<km
=ROQ I
= ROQO I
e e QT
wlwR=P={vi]ev
wlwR=R={vv]ev

o

!

—
nn
nn

An example picture:

7 By Daniele Paolo Scarpazza.
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