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Abstract. Several classical models of picture grammars based on eavanit-
ing rules can be unified and extended by a tiling based apprdde right part
of a rewriting rule is formalized by a finite set of permittés. We focus on

a simple type of tiling, namedegional and define the corresponding regional
tile grammars. They include both Siromoney’s (or Matz's)do grammars, and
their generalization by Priisa. Regionally defined piswran be recognized with
polynomial time complexity by an algorithm extending the X°Kne for strings.
Regional tile grammars and languages are strictly incluciedthe tile grammars
and languages, and are incomparable with GiammarresivRdsing systems
(or Wang's tilings).
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1 Introduction

Several classical models of picture grammars based on egvajting rules can be
unified by a tiling based approach. The right part of a rengitiule can be specified by
a finite set of permitted two by two tiles. We focus on a simpieet of tiling, named
regional and define the corresponding regional tile grarsnidre new class generalizes
some classical models, yet it permits efficient, polynottirak recognition of pictures
by an approach extending the classical CKY algorithm [12]a@ftext-free (CF) string
languages.

Regional tile grammars can be viewed from the standpoiregss,lor of more pow-
erful models. First, regional tile grammars are a geneatibn of the classical Kolam
grammars of Siromoney [11] (which are equivalent to the gnams of Matz [7]), where
the right parts of grammar rules are tiled in ways than cahaatbtained by 2D regular
expressions.

From the standpoint of more powerful grammar models, ragitite grammars
correspond to a natural restriction of the recently intietltile (rewriting) grammars
(TG). Such grammars have rewriting rules that replace a lyggmeous non-terminal
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rectangular area with a picture belonging to a local languhadined by tiles. It is known
that the TG family dominates the family of languages defingthie Tiling Systems of
Giammarresi and Restivo [4] (which are equivalent to Watiiregs [1]), and that the
latter are NP-complete with respect to picture recognitiioe complexity.

The new model can be conveniently defined starting from TGngrars, by im-
posing the constraint that the local language used in a suteade by assembling a
finite number of homogeneous rectangular pictures. Suiclg i related to Simplot's
[9] interesting closure operation on pictures.

The presentation continues in Sect. 2 with preliminary defims, and in Sect. 3
with the definition of regional tile grammars and relevanamyples. In Sect. 4 we
present the parsing algorithm and prove its correctnessamgplexity. In Sect. 5 we
compare regional tile grammars and languages with oth&ungitanguage families.

2 Basic definitions and regional local languages

The following notation and definitions are mostly from [SH2].

Definition 1. Let X' be a finite alphabet. A two-dimensional array of element&’ o
a picture overX. The set of all pictures oveY is ¥ ++. A picture language is a subset
of X+,

For h,k > 1, X("k) denotes the set of pictures of size k) (we will use the nota-
tion |p| = (h, k), [plrow = b, [plcor = k). #¢ X is used when needed aaundary
symbol p refers to the bordered version of pictyseThat is, forp € X (%) itis

p(1,1) ... p(1,k) #p(,1) ... p(1,k) #

p= D= :

4 p(h,1) ... p(h, k) #
b A . # #

A pixel is an elemenp(i, j) of p. If all pixels are identical toC € X the picture is
called C-homogeneousr C-picture.
The domain of a picturg is the setlom(p) = {1, ..., [Plrow} X {1,...,|P|cot }
Row and column concatenationge denoteds and @, respectivelyp S ¢ is de-
fined iffp and ¢ have the same number of columns; the resulting picture is¢htical
juxtaposition ofp overq. p*© is the vertical juxtaposition of copies ofp; p*© is the
corresponding closurep,*® *® are the column analogous.

o) - plh k)

Definition 2. Letp be a picture ovet. A subdomairof dom(p) is a setd of the form
{z,...; 2"} x{y,...,v'} wherel < z < 2’ < |plrow, 1 <y < Yy < |pleor- We
will often denote a subdomain by using its top-left and bottight coordinates, in the
previous case the quadruple, y; ', v').

The set of subdomains pfis denotedD(p). Letd = {z,...,2'} x {y,...,y'} €
D(p), the subpicturepic(p, d) associated ta is the picture of sizéx’ —x+1, ¢y —y+
1) suchthatvi € {1,...,2' —xz+ 1} andvj € {1,...,y —y + 1} spic(p,d)(i,5) =
plx+i—1y+j—1).
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A subdomain is called”’-homogeneous when its associated subpicture s-a
picture.C is called thdabelof the subdomain.

Two subdomaingd, = (iq, ja; ka, la) @nddy, = (is, jb; kb, ls) are horizontally adja-
cent(resp.vertically adjacentiff j, = [, + 1, andky, > iy, k, > i (resp.ip, = ko + 1,
andlb > ja7 la > jb)

Thetranslationof a subdomainl = (z,y; 2’, ') by displacementa, b) € Z? is the
subdomaini = (z + a,y + b;2' + a,y’ + b).

We now introduce the central conceptsrefiional languagetile, andlocal lan-
guage The adjective “regional” is a metaphor of geographicaitjmall maps, such that
different regions are filled with different colors.

Definition 3. A homogeneous partitioof a picturep is any partitions of dom(p) into
homogeneous subdomains such that adjacent subdomainsgiffavent labels.

A homogeneous partition iegional(HR) iff distinct subdomains have distinct la-
bels. We will call a picture regionalif it admits a HR patrtition.

A language isegionalif all its pictures are so.

We observe that if a picturgadmits a homogeneous partitiondafm(p) into sub-
domains, then the partition is unique and will be denotedify).

Definition 4. We calltile a square picture of size (2,2). We denotd]pjythe set of all
tiles contained in a picture.

Let X be afinite alphabet. A (two-dimensional) langudge X+ islocalif there
exists a finite set of tiles over the alphabef' U {#} such thatl = {p € X+ | [p] C
0}. We will refer to such language d50C'(9).

The right parts of the rules presented in Sect. 3.1 are exasrgdlregional local
languages. Next, we characterize the form of tiles occgirim regional local language.

Consider a tile sef over the alphabel’ U {#}. For a tilet = (“Z g)) we define
thehorizontal and vertical adjacency relatioft, V, C (X U {#})* as

cHyy, zHyw, xViz, yViw

The adjacency relation id; = H; U V.
The relations can be extended to a tile&setHyy iff 3t € 0 : xH;y; and similarly
for Vy and Ay.

Proposition 1. The local language defined by a tile $at regional if

1. the (finite) languagé N x> is regional, and
2. the incidence graph ((ng N 22) \ Z, whereZ is the identity relation, is acyclic.
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3 Regional tile grammars

We are going to introduce and study a grammar model specifieddet of rewriting
rules. A typical rule has a left and a right part, both pickuwéunspecified but equal size
(isometric). The left part is ad-homogeneous picture, whereis a nonterminal sym-
bol. The right part is a picture of a regional local languageraonterminal symbols.
Thus a rule is a scheme defining a possibly unbounded numlissraktric pairs: left
picture, right picture. In addition there are rules whogétpart is a single terminal.

Notice that regional tile grammars may be viewed as exten@i grammars from
one to two dimensions: see [2] for the argument that such grammin one dimension
are essentially CF grammars allowing a local regular exgiwesn right parts of rules.

The derivation process of a picture starts frorfi(@xiom)-homogeneous picture.
At each step, ad-homogeneous subpicture is replaced with an isometriaggaf the
regional language, defined by the right part of a tdle~ . ... The process terminates
when all nonterminals have been eliminated from the cupattre®

Definition 5. A regional tile grammar (RTGp a tuple(X, N, S, R), where X' is the
terminalalphabet,N is a set ofhonterminakymbols,S € N is thestarting symbaglR
is a set ofrules

Let A € N. There are two kinds of rules:

Fixed size: A — t, wheret € X; (1)
Variable size: A — w, wisasetoftiles ovelV U {#}, (2)
LOC(w) is a regional language. 3)

Picture derivation is defined as a relation between pangiipictures.

Definition 6. Consider a grammati = (X, N, S, R), letp,p’ € (¥ U N)"*) pe
pictures of identical size. Let, 7’ be homogeneous partitions ébém(p), with 7 =
{d1,...,d,}. We say thafp’, 7') derives in one stefsom (p, 7), written

(p,7) =c (0, 7)

iff, for someA € N and for some rulep € R with left part A, there exists int an
A-homogeneous subdomaip= (z,y; ', y’), calledapplication areasuch that:

— p’ is obtained substitutingpic(p, d;) in p with a pictures, defined as follows:

o if pis of type (1), thers = ¢;
o if pis of type (2), thes € LOC (w).

— «’ is a homogeneous partition dbm(p) into the subdomains
(m\ {d;}) U transly, (II(s))
3 For brevity, this presentation focuses on nonterminalsiulleus excluding for instance that

both terminal and nonterminal symbols are in the same rigtt More concise and readable
forms of rules should be used in applications.
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wheretransly, (I1(s)) is the translation by displacemefit — 1,y — 1) (intuitively the
position ofd; in p) of the subdomains df (s), the homogeneous partition ef

We say tha{q, ') derives from(p, ) in n steps, written(p, 7) =¢ (q,7'), iff
p = g andw = 7/, whenn = 0, or there are a picture: and a homogeneous partition
7" such that(p, 7) 2= (r,7") and (r,7") =¢ (q,7"). We use the abbreviation
(p, ) =¢ (g, 7') for a derivation with a finite number of steps.

Definition 7. Thepicture languageefined by a gramma® (written L(G)) is the set
of p € X1 such that

(S""vdom(p)) =a (p.I)

whereZ denotes the partition oflom(p) defined by single pixels. For short we also
write S =¢ p.

If we drop the constraint (3), we obtain the more general rhotigtle grammarg2].

Definition 8. Atile grammanTG) is a tuple(X', N, S, R) as in Definition 5, but con-
dition (3) is omitted.

Clearly, the picture derivation process for TG and RTG isghme. Notice that a
derivation is defined iff the picture admits a homogeneouttjma (see [2] for details).
What makes the difference between Definition 5 and Definiias that in the former
the homogeneous partition is regional.

To illustrate, we now list some examples that will be recdastd in Sect. 5 to
separate the family RTG from other ones.

3.1 Regional tile grammars examples

Example 1. One row and one columnb.
The set of all pictures such that there is one row and one aoliooth not at the
border) that hold’s, and the remainder of the picture is filled wiils.

[# # # # # # #]
# AL AL Vi Ax As # # # H#H#
# AL A1 Vi Az Ax # # X X # u####u
S — ||# Hi Hi Vi Hy Hy # ,Alﬂ #AZAZ# | # X X # ,f0r1§i§4
#A3A3V2A4A4# #AzAz# ####
# As As Vo Ay As # #H#HHH
|# # # H# H HH#

|l#####- u#####m
X— |[#AXX#| |a; Hi— ||[# BH, Hi#| |bfor1 <i<?2
# # # # # ] #H#H#H HH#
# # #H
# B #
A—a Bob Vi |#Vi#| b for1<i<2.
# Vi #
# H# #H
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We recall thaf | denotes the set of tiles contained in the argument pictumis.riotation
is more readable and concise than listing every tile:

5 #H#HH A Vi Vi A Ay Ay Ay #
#HAALATTTHI VIO VI HY T H# #HH#H

Here is an example of derivation, with partitions outlinedlietter readability:

SSSSS A1A1V1A2A2 A1A1V1A2A2 A1A1V1A2A2
SSSSS:H1H1V1H2H2 H1H1V1H2H2:>H1H1V1H2H2
SSSSS Az Az Vol Ay Ay X X |Vo| Ay Ay A | X Vo Ay Ay
SSSSS A3A3‘/2A4A4 A3A3V2A4A4 A3A3V2A4A4

A1 Aq [Vi| As As A1 A Vil As Ao alalblala
:>H1H1V1H2H2:>H1H1V1H2H2$bbbbb
A |a Vol Ay Ay a |a |Vo| Ay As alalblala
Az Az |Vo| Ay Ay As Az (Vo Ay As ala|blala

Example 2. Picture with palindromic row&ach row is an even palindrome o\er, b}.

]
# R R # # H#H#H#
Sp— |[# Sp Sp#| | |# RR#
# Sp Sp # | # # # #
|# # # #
ﬁ######m HHHHHH] ﬁ####ﬂ ﬁ####m
Ro|# ARRAN #| | |#BRRB #|| | ||[#A44 #]|||||#BB #
H#H#HH#H#HH#H #H#HH#HH#H#H H] #H#H## #H#HH

A—a B—b A —a; B —b.

Example 3. Misaligned palindromes

A picture is a “ribbon” of two rows, divided into four fieldst ¢he top-left and at
the bottom right of the picture are palindromes as in Exar@{lghereS,, is defined).
The other two fields are filled withs and must not be adjacent.

# A H#H A HH
# P PP PCCr#

#C2Co Po P, P Pr #
#AH#HHHH HAH

|l#
Ci— || #
#

; Pr— Sp; Po— Sp

=
H* ¥ 3k

(3

H Q%
H Q%
Q

]]|c,for1§i§2; C —ec.

3k
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Procedure Comput®(i, j; k, I):
foreachsize(v,h) € {1,...,k —i+ 1} x{1,...,l—j+ 1}

for each coordinate(s’, 5') € {4,...,k} x {4,..., 1}
for eachnonterminalA € M (', 554" +v — 1,5 +h — 1):
put(i',5';i" +v—1,7 + h — 1) into the se® (3, j; k,1)| 4;

for each nonterminald € N:

if ©(4,7;k,1)]a = 0 thenput(0,0;0,0) into the se® (¢, j; k,1)| .

Fig. 1. Comput&®

4 Parsing for regional tile grammars

To present our version of the CKY algorithm, we have to gelimrdrom substrings to
subpictures. As a substring is identified by the positioniésofirst and last characters,
a subpicture is conveniently identified by its subdomain.

Letp be a picture, of sizém, n), to be parsed with a gramméar= (X', N, R, S).

Definition 9. A recognition matrix9t is a 4-dimensionain x n x m x n matrix,
whose generic elemefii(i, j; h, k) is a set of non-terminals. The meaning 4fc
M(i, J; h, k) is that A can derive the subpictureic(p, (i, j; h, k)) of p.

In fact, only cells(i, j; h, k), with b > i, k > j, are used: these cells are the four-
dimensional counterpart of the upper triangular matribdiugeclassical CKY.

Definition 10. Consider a recognition matri®t, and a subdomaid = (i, j; k, ). Let
us order the nonterminal sé{: A;, A, ..., Ajy|. Thesubdomains vectdd(d, M) is
the cartesian produdd; x D, x ... x D)), Where everyD; is the set of subdomain$
such thatV; € M(d’') andd’ is a subdomain of; if such set is empty, thel, contains
the rectangl€0, 0; 0, 0).

For any nonterminal4, we will use the notatio® (d, 90t)| 4 to denote the compo-
nent of the vector corresponding tb

To simplify the notation, we shall writ®(d) instead of®(d, M) at no risk of
confusion, because the algorithm refers to a unique retiogninatrix 9t. Figure 1
shows the procedure used to compBte

Figure 2 shows the procedure to check if a rulef the grammar can be applied to
a given rectangléi, j; k, ).

The Main procedure, presented in Figure 3, is structured as a stfaiglard gen-
eralization to two dimensions of the CKY parsing algorithithe input picturep is in
L(G)iff S € M(1,1;m,n).

4.1 Correctness and complexity of parsing

We start with a technical lemma, used to prove the correstoithe CheckRule proce-
dure.
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ProcedureCheckRuldw, (7, j; k,1)) :
Comput® (i, j; k, 1);
for each (di,dz,...,d|n|) € D(i,5;k, 1) :

f="True;
for each (N,, Np) € Ho:
if do = (fa, ja; ka,la) @nddy = (s, jb; ks, lp) @re not such that
jb = la + 1, andkb Z i(u ka Z ib:
then f := False;
for each (No, Np) € V.,
if do = (ia, ja; ka,la) @ndds = (s, Jb; ks, ls) @re not such that
b = ka + 1, andly > jao,la > b,
then f := False;
for each (#, Na) € Ho:
if do = (fa, ja; ka,la) @ndja # j then f := False;
for each (Ng, #) € Ho:
if do = (ia, ja; ka,la) @ndl, # L then f := False;
for each (#, N,) € V.:
if do = (fa,ja; ka,la) @ndiq # ithen f := False;
for each (Nq, #) € V.:
if do = (ia, ja; ka,lo) @ndk, # k then f := False;
if f = Truethenreturn True;

return False.

Fig. 2. CheckRule

Procedure Main:
Every set irdit is empty;
for each pixel p(i,j) = ¢,

if there exists a fixed size rulé — ¢t € R,
then put A into the setn (s, j; 4, j);

for eachsize(v,h) € {1,...,m} x {1,...,n}:

for eachcoordinate(i, j) € {1,...,m} x {1,...,n}:
for eachvariable size rule rul¢A — w) € R:
if CheckRulgw, (i,j;i4+v—1,j + h — 1)),
then put A into the setni (i, j;i +v — 1,5+ h — 1).

Fig. 3. Main
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Lemma 1. Letw be a regional set of tiles andla subdomain. CheckRule(d) returns
true iff there exists a rul€ — w, such that(pg, 79) =¢ (p1, 1), Whered € mp, and
spic(po, d) is aC-picture.

Proof. By construction, a true output of CheckRule() is equivalent to the fact that
there exists a partition of in the subdomaind;, ds, . .., d,, andg € LOC(w), such
that:

1. everyspic(g, d;) is anA-picture, for some nonterminal € M(d;);
2. if spic(q, d;) is an A-picture, then for nal;, # d; the subpicturepic(g, di) is an
A-picture.

This means thatransl;(I1(q)) is the HR partition{d;, ds, . . ., d, }. Moreover, starting
from (po, mo), wherespic(po, d) is aC-picture, it is possible to apply a rut¢ — w in
a derivation stefipo, m) = (p1,m1), Whererg = {d, d},d}, ..., d.}, m1 = {d}, d,

. ,d;l}U {dl, dg, - ,dr}, andq = SpiC(pl, d) S LOC(W) O

After this, the correctness is easy to prove, analogoudlyad D case [12].
Theorem 1. M(d) = {A € N | A =4 spic(p,d)}.

Proof. The proof is by induction over derivation steps.

Based = (i, j;1, j). This means thaspic(p, d)| = (1,1). Hence A =¢ spic(p, d)
iff A — spic(p,d) € R. This case is handled by the first loop of procedure Main, the
one over each pixel(i, j). If spic(p,d) = t, and there exists a rulé¢ — ¢, then the
algorithm putsA into 9i(d). Vice versa,A € M(d) means that the algorithm has put
A in the set, therefore there must exist a rdle~ spic(p, d).

Induction let us consided = (i, j;i+v—1,j+h—1),v > 1,0rh > 1, or both. We
prove thatd = spic(p, d) implies A € 9(d). In this case, the size of the subpicture
is not(1, 1), therefore the first rule used in the derivatién® ¢ spic(p, d) is a variable
size ruleA — w. Thanks to the two nested loops with control variahlesdv, when
the algorithm considerg, it has already considered all its subdomalpnsds, . . ., dj.

By the induction hypothesis, for evely< j < k, B =¢ spic(p, d;) implies B €
M(d;). Hence (Lemma 1), CheckRule(d) must be true, and the algorithm putsn
M(d).

Next, we prove thatl € Mi(d) implies A =4 spic(p,d). A € M(d) means that
procedure Main has put in the set. Therefore, CheckRule() must be true. Thanks
to Lemma 1, this is equivalent to the existence of an applicadriable size rulel — w
for the first step of the derivatiod = spic(p, d). The rest of the derivation holds by
induction hypotesis. a

Theorem 2. The parsing problem for RTG has polynomial time complexity.

Proof. First, it is straightforward to see the time complexity obpedureComputé:
Tcomputen = O(|N| - m?n?). Let us now consider th€heckRuleprocedure. After
computing®, the procedure performs a loop for each element of the subthamwec-
tor, and nested loops oK., andV,,. ThereforeIcpheckrule(m,n) = O(|N| - m?n? -

max {[H], [Vol}).
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Coming finally to theMain procedure, we note that its core part consists of five
nested loops, two on sets af elements, two on sets of elements, and the last
one on|R| elements. The body is a call to CheckRule. Theref@hg,in(m,n) =
0] (|R| -m?n? - TCheckRule(m,n)), i.e.

Thsan(m,n) = O (IBIIN|- max (] V.l - mnt )

O

For the special case of CF Kolam grammars in Chomsky Normmad {€NF), we
note that the parsing time complexity@m?2n2(m + n)) [3]. Some of the reasons of
this significant difference are the following. Kolam granmiz CNF are much simpler,
because in the right part of a rule there are at most two distionterminals (see [7] for
details). So, checking if a rule is applicable has compyextich is linear with respect
to the picture width or height. Moreover, we think that thesxeoom for improvement
e.g. in the CheckRule procedure, by using more complex datetsres.

The next section will show that CF Kolam grammars are lessesgive than RTG.

5 Comparison with other language families

The property of having polynomial time complexity for picdurecognition, united with
the rather simple and intuitively pleasing form of RTG rulgsould make them a worth
addition to the series of array rewriting grammar modelsceived in past years. In
this section we prove or recall some inclusion relationsveet grammar models and
corresponding language families. To this end we rely on ’amples of Sect. 3, and
on the separation of complexity classes.

Starting with the family of highest generative capacity,faeus on tile grammars.

Proposition 2. The family of RTG languages is a proper subset of the familyGf
languages.

Proof. We have seen in Sect. 3 that RTG rules are a restricted forrsotiles, charac-
terized by the constraint of regional tiling. To show thatlirsion is strict, we observe
that the picture recognition problem for tile grammars is-d¢fPnplete. This follows
from the (strict) inclusion [2] of the tiling systems (or Wgis tiling) [4] family within
the TG language family, and the fact that the recognitiorbjenm is NP-complete in
time for the former [6]. a

We proceed by comparing RTG's and tiling systems.

Proposition 3. The family of tiling system languages (i.e. Wang’s tilingdiahe family
of RTG languages are incomparable.

Proof. On one hand, it is easy to see that the language of palindroohienns, used

in [2] to prove that tiling systems are strictly included ile tgrammars, is also a RTG
language, obtained by a 9@otation of Example 2. On the other hand, we know that
parsing tiling systems is NP-complete, and parsing RTGS g@ynomial time com-
plexity. a
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The remaining models are weaker than RTG, and will be takéishorical order.

Proposition 4. The family of CF Kolam array grammar [11] (i.e. also [7]) langges
is strictly included in the family of RTG languages.

Proof. In [2] a construction is given to prove that a CF Kolam grami(iathe form
defined by Matz [7]) can be transformed into a TG. It is easgtothat the construction
used in the proof actually produces rules which satisfy és¢riction of RTG's.

More directly, CF Kolam grammars in CNF can be seen as RTGh $oat the
tile-sets used in the right parts of rules must have one ofadh@ving forms:

#HAHAH
HHAFHFHH #AA# #H A
Either iﬁiggi , or iggi , or iﬁii , with A # B.
HHAFHFHH #BB# #H#H A
#H#HAH
The inclusion is strict, because the language of Exampleslshawn by Matz [7]
to trespass the generative capacity of his grammars. a

The fact that the picture recognition problem for CF Kolamargmars has been
recently proved [3] to be polynomial in time of course folvom the above inclusion
property and from Theorem 2.

In the quest for generality, D. Prli3a [8] has recently defia grammar model that
extends CF Kolam rules, gaining some generative capadity.imodel is for instance
able to generate the language of Example 1.

Essentially, this kind of grammars can be seen as RTG’s Wwithadditional con-
straint that tiles used in the right parts of rules must notehane of these forms:

A B AC CccC C A . .
(C C)’ (B C)’ (A B)’ (C B),Wlth A, B, C all different. Therefore the follow-

ing inclusion holds.

Proposition 5. A Priisa’s grammar “with productions in CF form” (PG) [8] is a re-
stricted kind of RTG. The corresponding family of languagestrictly included in the
family of RTG languages.

The inclusion of the language families is strict, becausddhguage of Example 3
cannot be defined by PG’s. This fact can be sketchily provédliasvs.

Proof. First, an obvious application of CF pumping lemma for stsiigver the alpha-
bet{a © a,a ©b,a ©¢,bOS a,...}) excludes that the language can be obtained by
horizontal concatenation only. Therefore, it is necessagenerate the pictures either

as vertical concatenations of strings of equal length, argua grid-like rule, such as
|[# oA

» #|. By definition of the language, the two palindromes must sptdaast
# #

R
#QaQ»
#QaQ»
#O0w

one common column, therefore we cannot use a simple vectcedatenation. The fact
that{uu® | v € {a,b}*} cannot be factorized as a concatenation of CF languages is
another simple corollary of the pumping lemma for CF langsad his means that each
misaligned palindrome must be generated starting fromglesimonterminal. But it is
impossible for PG’s to define a grid-like rule with single tenminals partially over-
lapping on common columns. a
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T~

Tiling systems I‘TTG
PG

CF Kolam grammars
CF Matrix grammars

We finish with a synopsis of the previous language familyusidns. The early
model of CF Matrix grammars [10] is a very limited kind of CF 6o grammars.

6 Conclusions

The generalization of array rewriting grammars offeredh®/ew and simple regional
tile model is a convenient accomplishment of a series of ggizations, stemming
from the early models of Rosenfeld up to the models of SircegpMatz and Prisa.
To our knowledge (but we may be missing something becaudédhature of picture
grammars is rather fragmented), this is the most generalyfafpolynomial time rec-
ognizable picture languages based on rewriting rules,minione dimension collapse
to CF string grammars.
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